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If A is the incidence matrix of a v  - k - X configuration with X > 1, it is 
shown that 
(k - 2)! 
perA-ldetAl>h(X-l)(k_q)!, 
where q is the least integer greater than or equal to 
1X k -- 2 k x (k + 9 [ 1 
I f  A is the incidence matrix of a projective plane of order m > 3, it is shown that 
where q is the least integer greater than or equal to 
4 
;+- 
m+l 
+ 1. 
It is an immediate corollary that per A > I det A 1 for all v  - k - X configura- 
tions except the 7 - 3 - 1 and 3 - 2 - 1 configurations. 
If A is the incidence matrix of a v - k - X configuration, it is well 
known that 
1 det A j = k(k - X)(u-1)/2 
(cf. [4]). The permanents of such matrices remain generally elusive. 
General upper and lower bounds for matrices with constant row and 
column sums may, of course, be applied; however, specialized results 
which make use of the unusual properties of incidence matrices of v - k - h 
configurations yield better results. An upper bound of this type has been 
given by Marcus and Newman [2]. 
A trivial lower bound follows from the fact that, if A is the incidence 
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matrix of a 1; - k - X configuration, then per A > ] det A j. Wilf [5] 
has presented an improved bound in the case in which k and A are both 
even, subject to verification of the conjecture that per A > 1 det A / except 
for 3 - 2 - 1 and 7 - 3 - 1 configurations. We shall establish general 
lower bounds for per A - 1 det A /. It will follow from these bounds that 
the above conjecture is true. 
Our general procedure will be to find in A a submatrix which contains 
both an odd and an even permutation. We shall then estimate the per- 
manent of the matrix obtained from A by deleting the rows and columns 
which contain the specified submatrix. The estimate will be obtained by 
determining bounds for the largest r x s block of zeros which can occur 
in any matrix derived from A by permutation of rows and columns, and 
then using the Laplace expansion. Separate procedures are required for 
h # 1 and X = 1. 
THEOREM 1. If A is the incidence matrix of a v - k - X con$guration 
with h > 1, then 
perA- IdetA >X(h-- 1) ~~~~~~, 
where q is the least integer greater than or equal to 
Proof. Let B be a matrix obtained by permuting the rows and columns 
of A so that there are l’s in the first h rows of the first two columns. Let 
B& be the matrix obtained from B by deleting the first two columns and 
rows i andj (i # j) from B. Let B& be the 2 x 2 submatrix of B consisting 
of elements in the first two columns of rows i and j (i # j). Then 
v-1 0 
per A = per B = C c per B& Per B; 
i-1 j=i+l 
A-l A V-l 2) 
= ‘& ,41 per By* per Bii -I- c c Per Bi” per Bii 
i-1 j=i+l 
$>A 
and 
1 det A 1 = I det B I = 1 5’ f 
i=l j&+1 
(-l)i+j+l det Bi; det B,I, 1 
V-l ?J 
< C c per BIjper Bij 
i=l j=i+l 
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asdetBG=Ofori<j<h.Thus 
A-l a 
perA-IdetA 22 c c perBjj 
i=l j=i+l 
> X(X - 1) c 
ifc<perBi,fori<jjA. 
We must now find such a c. We note that it does no good to consider 
det B& , as B& is singular for i -=c j < A. We therefore look to the Frobenius 
theorem [l] for help. We prove the following lemma: 
LEMMA 1. Suppose A is the incidence matrix of a v - k - h conjigura- 
tion and that it is possible to permute the rows and columns of A so that the 
resulting matrix contains a p x (v -p - q + 1) block of zeros. Then 
q 2;; [+]@+A)+ 1. 
Proof. The lemma is clearly true if q > k, as 
k 2 ; $- [+-](k + A). 
Thus we need only consider q < k, 
Suppose there are permutation matrices PI and Pa such that 
P,AP, = B = [;2 21, 
whereDis(v-p) x(p+q-l),C,is(v-p) x(v-p-q+l),Ca 
ispx(p+q-l),andOisapx(v-p-q+l)blockofzeros.In 
what follows we shall assume that p > v - p - q + 1, for otherwise the 
same procedure may be applied to BT with p’ = v -p - q + 1 as 
p’>,v-p’-q+l. 
We first consider the placement of the ones in B. The ones in the last 
row require k columns; k - h additional columns are required for the 
ones in the next to the last row; and generally, k - rh additional columns 
are required for the ones in row n - r (0 < r < [k/X]). Let 
s = min ([*I ,p- 1). 
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Then as Cz has p rows and p + q - 1 columns, 
Pf4- 1 > 2 k-9. 
i=o 
But,asp an-p - q + 1 and q < k, 
>$;(k-A-1)+1. 
Thus p - 1 3 [k/h] whenever k - X >, 3. The case k - X = 2 is im- 
possible, and the lemma is easily verified for k - X < 1. Thus we may 
assume s = [k/A] and obtain 
1 k 
pfq-1 a3 +k+4. [ 1 
By counting the ones in the columns of C, and in the rows of Cr , we 
find that there are (q - 1) k ones in D. But there must be at least h ones 
in each of the p + q - 1 columns of D, as each of these columns has X 
ones in common rows with the ones in the last column of C1 . Thus 
so that 
k(q - 1) 2 XP + 4 - 1) 
; (4 - 1) 3 P + 4 - 1 3 f [+](k + 4, 
from which the lemma follows immediately. 
Proof of Theorem 1 (continued). By the above lemma and the Frobenius 
theorem we may apply the Laplace expansion to per I$, q - 2 times to 
obtain 
as there are at least k - 2 ones in each column of Bij . Setting 
the theorem is established. 
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Ifh= 1andwewritek=m+1,thenu=m2+m+1.Herewehave 
THEOREM 2. If A is the incidence matrix of an 
(mz + m + 1) - (m + 1) - 1 
configuration with m > 3, then 
per A - I det A I > (m + 1)’ (m(y 8:‘:,, , 
where q is the least integer greater than or equal to 
We require the following two lemmas which are easily established. 
LEMMA 2. Let A be as in Theorem 2. Then there arepermutation matrices 
P1 and P, such that 
P,AP, = 
Moreover, given any pair of ones in A which are not in the same row or 
column there are permutation matrices P1 and PZ such that P,AP2 is of the 
above form and the spectjied ones both lie on the diagonal in the upper left 
4 x 4 block. 
LEMMA 3. Let D be as in Lemma 2. Suppose that it is possible to permute 
the rows and columns of D so that the resulting matrix contains a 
PX(m2+m+2-p-q) 
block of zeros. Then 
Proof of Theorem 2. We first select a row and a column of A with the 
property that the entry common to the row and column is zero. We next 
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select a one from the row and a one from the column and permute the 
rows and columns of A as indicated in lemma 2. The net contribution of a 
permutation consisting of ones from the upper left 4 x 4 block of the 
resulting matrix and from D to / det A 1 is zero, but its contribution to 
per A is 1. There are (m + 1)2 ways in which the pair of ones may be 
selected, and the permutations consisting of the resulting diagonal from 
the 4 x 4 block and ones from D are all distinct. 
We must next determine a lower bound for per D. Using the Laplace 
expansion, the Frobenius theorem, and Lemma 3, we have 
perD > (m + 111 
(m-4+5)!’ 
as we may expand about columns which have no ones in the first four rows. 
Thus 
per A - 1 det A 1 > (m + 1)” ,‘r +$i), 
as was to be shown. 
COROLLARY 1. If A is the incidence matrix of a v - k - X conjigura- 
tion, then per A = 1 det A 1 if and only if A is the incidence matrix of a 
3-2-lora7-3-l. 
COROLLARY 2. If A is the incidence matrix of a v - k - h conjiguration 
and k and h are both even then 
per A - 1 det A 1 2 2(“-3)/4, 
Proof. The result follows immediately from Corollary 1 and Wilf’s 
result [5] that per A is divisible by 2(“-3)/4. 
TABLE 1 
Exact and Estimated values of per A - 1 det A 1 
for several values of D - k - h 
u k x Exact [3] Estimate 
perA- IdetA 
7 4 
11 5 
11 6 
13 4 
13 9 
15 7 
19 9 
19 10 
21 5 
112 4 
10,890 6 
74,052 144 
936 16 
64,797,408 6,300 
24,452,736 360 
142,391,096,028 10,080 
952,707,435,512 403,200 
13,291,520 25 
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It is apparent from the proofs that our estimate will generally be quite 
conservative; however, the results are exact for v - z, - ~1 configurations. 
A comparison of our estimates with exact results due to Nikolai [3] appears 
in Table 1. Finally, it should be observed that our results are generally 
weaker than bounds implied by the van der Waerden conjecture, which 
has not been established for this class of matrices. 
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